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1. INTRODUCTION 
A simple model governing the combustion of a material can be formulated in 
the non-dimensional form as follows. 
$ = V28 + Hx exp (--/$I 
ax CUB 
z = V2x - EX e*p OI+B ( ! 
qx, 0) = h(x), 19 = 0 on aD, 
X(X, 0) = g(x), 2 = 0 on aD. 
(1) 
(2) 
(3) 
(4) 
Here, 0 is the temperature, x the concentration of the combustible material; 
x, t are respectively the spatial and time variables, H, CY are positive parameters 
and E = exp(--or). Typically, the value of OL is between 20 and 100 so that 
E < 1. The equations (1) and (2) are considered in a bounded domain D with 
initial and boundary values given in (3) and (4). The derivation of the above 
system can be found in Frank-Kamenetskii [I], and discussions on the system 
can be found in Gelfand [2], Parks [3], among others. Recently, Sattinger [6] 
gave a brief up-to-date account of the previous work, and used comparison 
theorems to derive a number of results regarding the qualitative behaviour of 
the solutions of (1) to (4). It is known that if the initial concentration and the 
initial temperature are small, x decays very slowly and 0 remains of order one. 
Such a situation is referred to as the subcritical, or metastable state. However, if 
the initial temperature and/or the initial concentration is sufficiently large, x 
decays rapidly and 0 becomes extremely large before both finally decay to zero. 
Such a situation is referred to as the supercritical state. For the subcritical case, 
Sattinger obtained an asymptotic development for B and x based on E < 1. 
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For the supercritical case, no accurate approximation to the solution of (1) to (4) 
has been obtained. 
In this paper, we take Vz = aZ/M, 0 < x < 1, and use a comparison theorem 
to construct upper and lower solutions. The construction procedure is not based 
on asymptotic considerations, nor limited to the subcritical state. We observe 
that while comparison theorems have been used successfully in providing 
qualitative information about solutions of differential equations, their use in the 
actual construction process does not seem to have been exploited to any great 
extent, (see Tam [7], Tam and Ng [S]). Th us, the construction procedure itself 
is of some interest. 
When x is taken as constant, only the B-equation need be considered. It is 
convenient to deal with this case first, because the equation is interesting in its 
own right, and it serves to illustrate the construction procedure without involving 
too much details. 
We deal with this case in Section 2. By constructing upper and lower solutions 
for the steady state, we demonstrate the dependence of the solution on the 
parameter Hx. When the steady state admits more than one solution, we demon- 
strate their dependence on the initial data by considering two special cases of 
@, 0). 
We then examine the coupled system in Section 3. As the situation is more 
difficult, we consider only the case of 0(x, 0) = 0. In the sub-critical case, upper 
and lower solutions for x and 0 can be constructed by linearization. In the super- 
critical case, however, a lower solution for B has to be obtained with the aid of 
computation. 
The comparison theorem for parabolic equations used in this article can be 
found in texts such as Protter and Weinberger [4] and Walter [9]. 
2. THE &EQUATION 
2.1. When x is treated as a constant, only the e-equation remains to be 
considered. If we write Hx = 6, we have 
ae pe = at - v2e - 6 exp ae i 1 ~ =o, a+e 
qx, 0) = 44, e = 0 on aD. (6) 
For the case where D is a sphere or a long cylinder, Gelfand obtained some 
numerical results for the steady case when exp(are/(ol + 0)) is approximated by 
exp 8, while Parks solved (5) and (6) numerically for the case 6(x, 0) = 0. It was 
shown that there is a critical value for 6, such that for 6 < 6,, , 8 remains O(1). 
Such a state is called subcritical. When 6 > S,, , 0 becomes exceedingly large, 
and the state is referred to as super-critical. When S is less than S,, , but greater 
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than some number 6, > 0, the steady state eigenvalue problem has three 
solutions. If these are denoted by wI(x, S), i = 1, 2, 3 with wr < wz < We , it 
is known [5, 61 that if 0 < 0(x, 0) < wa(x, S), then 6(x, t) + wi(x, 6) as t + CO, 
and if 6(x, 0) > w2(x, S), then 0(x, t) ---t ws(x, S) as t + co. Before proceeding, 
we observe that the solution (5) and (6) is an increasing function of 6, a result 
readily proved by using maximum principle considerations. 
As noted before, we consider only the case of V2 = S2/&2, 0 < x < 1. We 
first construct upper and lower steady state solutions, from which we determine 
four numbers Si , i = 1, 2, 3, 4. Regardless of the initial data, the solution of (5) 
and (6) is sub-critical if S < 6, , super-critical if S > 6, . For 6, < S < 6, , 
both the upper and lower steady state solution admit multiple solutions. In this 
case, we obtain two numbers, u,(S) and U,(S), such that for 0(x, 0) < 
4U,x(l - x), the solution 0(x, t) of (5) and (6) tends to the sub-critical state; 
while for 0(x, 0) 3 u2 sin2 TX, 0(x, t) tends to a super-critical state. 
2.2. A function U(x, t) is an upper solution of (5) and (6) that is, u(x, t) < 
U(x, t), if 
w, 0) 3 8(x, oh U 20 on 3D. 
A lower solution is similarly defined with the inequality signs reversed. 
We first seek a steady upper solution in the form 
U(x) = 4KX(l - a”) (7) 
where K is a positive constant to be determined. We have 
PU=8K-Seexp ( 4&X(1 - X) ,+4Kx(l -x) 1 - 
Since the functionf(0) = exp(&/(a + 0)) is a monotonic increasing function of 
0 it is clear that 
Thus, if we choose K such that 
we have an upper solution U(x). Now, the function f (K) is shaped like a logistic 
curve, with f (0) = 1 and f (co) = ea. This curve is intersected by the straight 
line (8/S) K at one or more points, depending on the value of 6. It is readily 
seen that equation (8) has only one solution if 6 < 6, or 6 > S3 . The numbers 6, 
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and 6, are obtained by solving simultaneously equation (8) and the equation 
obtained by differentiating (8) with respect to K. We have 
Sl-8Klexp[-(i~r;K;(1)] 
’ 6, = 8K3 exp - 
[ t 
aKS 
a + KS 11 
where 
Kl = + [(a - 2) f (~(a - 4))““] 
KS = + [(a - 2) - (cx(a - 4))‘/“]. 
We note that the solution of equation (8) is O(1) if S < 6, , and O(ea) if S > 6, . 
For S, < S < S, , equation (8) admits three solutions. Each solution of (8) when 
substituted into equation (7) yields an upper solution for the steady state 
solution. 
We next seek a steady state lower solution in the form 
u(x) = C sin2 TX 
where C is a positive constant to the determined. We have 
PU = -2n2C cos 2rrx - 6 exp (y ~~rrrn~xVx) . 
i 
Since cos 2rrx < 0, and sins VTX > 4 for 2 < x < 2, it follows that if we 
determine C from 
2x2C = Sexp (*I, (9) 
we have Pu < 0 for 0 < x < I, so that U(X) is a lower solution. A similar 
consideration as given to (8) shows that if S < 6, or S > 6, , equation (9) has one 
solution, while it has three solutions for S, < S < 6, . The numbers 6, and 6, 
are given by 
6, = 2r2C2 exp [ - (&I] 
6, = 29r2C4 exp [ - (a-1 
c, = a[(cx - 2) + (a(a - 4))“2] 
c, = lx[(a - 2) - (a(a - 4))“‘]. 
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Again we note that the solution of equation (9) is O(1) if 6 < 6, , and is O(eN) if 
6 > 6, . We can conclude from the above that regardless of the initial data, the 
steady state solution is sub-critical if S < 6, , and is super-critical if 6 > 6, . 
When 6, < 6 < 8, , both the upper and lower steady state solutions admit 
three solutions. If we denote their maximum values by U,(S), U&S), Us(S) and 
z+(S), u,(S), us(S) respectively, (U, < Us < Ua , ul < ua < ya), where Ui , ui , 
i = 1, 2, 3, are determined from (8), (9) respectively, it follows that u1 < U, , 
u3 < u,, whereas u2 > Us . Thus, for a given 6, 6, < 6 < 6, , there is a sub- 
critical steady state solution of equation (5) such that 
u1 sin2 TX < t9(x, co) < 4U,x( 1 - X) 
and a super-critical steady state iolution of equation (5) such that 
u3 sin2 77x < 6(x, co) < 4U,x(l - x). 
In the next section, we investigate how the initial data determines which steady 
state is reached. 
2.3. For 6, < 6 < 6, , both the steady state upper and lower solutions 
admit multiple solutions. From the construction procedure considered here, 
we have the following results regarding the influence of the initial data. 
LEMMA 1. Let U,(S) and U,(S) be th e smallest and the middle solution, res- 
pectively, of equation (8) when 6, < 6 < 6, , (the smaller and larger solution if 
6 = Sl or 6 = 6,). If 
qx, 0) < 4&(S) X(1 - x) 
then the solution of the IBVP (5) and (6) is such that 
qx, co) < 4U;(S) x(1 - x). 
(11) 
LEMMA 2. Let ~~(8) and ~~(8) be the middle and the largest solution, respectively 
of equation (9), (the smallr and larger solution if S = S, or 6 = S,). If 
e+, 0) > u,(6) sin2 TX (12) 
then the solution of the IBVP (5) and (6) is such that 
e(x, co) > u3(S) sin2 77-x. 
Proof of Lemma 1. Let 0(x, 0) = 4K(O) X( 1 - x). We seek an upper solution 
of (5) and (6) in the form 
0(x, t) = 4K(t) x(1 - X), 
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and we first consider K(0) < U, . We have 
PO = lTt - 8,, - 6 exp 
= 4x(1 - X) K’(t) + 8K - 6 exp (a “,“$&l’-TL)) 
3 4x( 1 - x) K’(t) + 8K - 6 exp 
CX!K 
2 H(-K’) K’ + 8K - 6 exp ___ 
iiy + Kj 
where H(+) is the Heaviside function with the property 
w$) = 1; 4&O 
=o d <o. 
If we now require K(t) to satisfy the equation 
H(--K’) K’ + 8K - 6 exp (5) = 0, 
we have PO 3 0, implying that 0 is an upper solution. For U, < K < lJ, , 
we have 8K - S exp(&/(ol + K)) > 0 and hence equation (13) implies K’ < 0. 
Thus, K(t) is determined from the equation 
K’(t) = 6 exp (5) - 8K, 
which reaches the equilibrium value K(a) = U, for all U, < K(0) < U2 . If 
K(0) d U, , then 8K(O) - 6 exp(aK(O)/(or + K(0))) < 0. In this case, equa- 
tion (13) can be satisfied by simply choosing K = Vi , which is independent of t. 
For K(0) = Us , we have from equation (5) 
so that 
and 
4(x, 0) -=E 0 x#& 
(14) 
e&h 0) = 0. 
Since 8, is continuous in both x and t, we have &(x, At) < 0 for x # $, and At 
sufficiently small. Further, we have 
and 
ecx, dt) - ecx, 0) = e,cx, 0) At, x#& 
(15) 
e($, At) - 0(g, 0) = O(At)“. 
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If we now use a central difference approximation to calculate 8,&i, At), we have 
and a similar expression for e,,($, 0). Hence we have 
to order At. It then follows from equation (5), (14) and (15) that 
e,(*, dt) - et(*, 0) = e,,(g, 4 - e,,(+, 0) + wv, 41 - wa, w 
= e,,(*, ot) - eze(*, 0) < 0 
to order At, implying that 0,(&, At) < 0. Thus, we have Bt(x, At) < 0 for 0 < 
x < 1 and At sufficiently smal1.l Since equation (5) is autonomous, a translation 
in t will result in an initial value problem with new initial value 0(x, 0) < 
4U,x(l - x). The argument used in the first part of the proof will apply. The 
proof of Lemma 1 is complete. 
Proof of Lemma 2. Let ecx, 0) = C(0) sin2 PTX. We seek a lower solution for 
(5) and (6) in the form 
t&x, t) = C(t) sin2 702. 
TABLE I 
Comparison of 6, with 6,, Due to Parks 
5 3.8362 
10 3.2923 
20 3.1024 
30 3.0464 
40 3.0195 
50 3.0037 
60 2.9934 
70 2.9860 
80 2.9805 
90 2.9763 
100 2.9729 
3.708 
3.644 
3.576 
3.568 
3.564 
3.536 
3.524 
3.520 
3.520 
1 Dr. McNabb pointed out that this result can be obtained more readily by considering 
et&i ,:0x 
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We have 
Hi = C’(t) sin2 7rx - 27% cos 2nx -- 6 exp 
i 
LYC sin” TX 
oi + C sin2 7rx 1 
< H(C’) C’ - 2rr2C cos 2~ - 6 exp (a: ~~~~n~~X) . 
We determine C(t) from 
H(C’) C’ + y [Zrr’C - 6 exp ( 2a”t c )] = 0. 
where y > 0 can be arbitrarily small. As long as 6 exp(olC/(2a f C)) - 2&I 
> 0, we have C’ > 0, and hence 
TABLE II 
U,(6) and u*(s) for Different 2 
6 U%(6) ___- -__ 
a = 20 0.2000 8.1408 
0.4000 6.4085 
0.6000 5.4569 
0.8000 4.8005 
l.oooo 4.2977 
1.2000 3.8876 
1.4000 3.5387 
1.6000 3.2324 
1.8ooo 2.9563 
2.OOoO 2.7017 
2.2000 2.4615 
2.4000 2.2291 
2.6000 I .9967 
2.8000 I .7509 
%(8 _____.- 
25.8033 
21.3493 
18.9842 
17.3973 
16.2130 
15.2729 
14.4959 
13.8351 
13.2611 
12.7541 
12.3005 
11.8903 
11.5159 
11.1718 
3. = 40 0.2000 6.4476 18.4896 
0.4000 5.2722 16.0169 
0.6000 4.5843 14.6038 
0.8000 4.0910 13.6132 
l.oooo 3.7018 12.8505 
1.2000 3.3770 12.2302 
1.4000 3.0951 11.7072 
1.6000 2.8429 11.2550 
1.8000 2.6118 10.8564 
2.0000 2.3950 10.4998 
2.2000 2.1868 10.1772 
2.4000 1.9811 9.8823 
2.6000 1.7698 9.6107 
2.8000 1.5353 9.3588 
Table continued 
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s 
a = 60 0.2000 6.0395 16.9384 
0.4000 4.9843 14.8182 
0.6000 4.3570 13.5870 
0.8000 3.9025 12.7154 
1.0000 3.5413 12.0393 
1.2000 3.2378 11.4863 
1.4000 2.9728 11.0178 
1.6000 2.7346 10.6111 
1.8000 2.5152 10.2512 
2.0000 2.3084 9.9284 
2.2000 2.1086 9.6353 
2.4000 1.9100 9.3668 
2.6000 1.7039 9.1189 
2.8000 1.4709 8.8885 
a = 80 
01= 100 
0.2000 5.8557 16.2621 
0.4000 4.8528 14.2879 
0.6000 4.2524 13.1335 
0.8000 3.8153 12.3125 
1.0000 3.4666 11.6737 
1.2000 3.1728 11.1498 
1.4000 2.9155 10.7050 
1.6ooo 2.6838 10.3181 
1.8000 2.4697 9.9753 
2.0000 2.2674 9.6672 
2.2000 2.0716 9.3872 
2.4000 1.8762 9.1304 
2.6000 1.6726 8.8930 
2.8000 1.4397 8.6720 
0.2000 5.7510 15.8832 
0.4000 4.7775 13.9888 
0.6000 4.1922 12.8766 
0.8000 3.7650 12.0837 
1.0000 3.4234 11.4656 
1.2000 3.1351 10.9579 
1.4ooo 2.8824 10.5264 
1.6000 2.6542 10.1505 
1.8000 2.4433 9.8173 
2.OOoO 2.2436 9.5175 
2.2000 2.0501 9.2449 
2.4000 1.8565 8.9946 
2.6000 1.6541 8.7631 
2.8000 1.4213 8.5476 
U,(S) 4) 
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Pt7 < y 6 exp 
[ i 
For 0(x<& and $<x<l, where cos277x>O, y can be chosen to be 
sufficiently small, say y = y,, < 1 so that PO < 0. For ) < x < 9 where 
cos 2nx < 0 and sina rrx > i, we have 
PJ<y Sexp 
[ i 2ar~C)-2n@J+271aC-sexp(2~+CCj 
= (y. - 1) [a exp ( 2aT c ) - 2?i2C] < 0. 
When 6 exp(aC(0)/(2a + C(0))) - 27r2C(0) < 0, we simply choose C(t) to be a 
constant determined from 
6 exp 
i 
CUC 
201-t c 1 
- 2n2C = 0. 
Again, it is readily seen that 
Pe"<O for0 <x < 1. 
We now consider u,(S) < C(0) < us(S). Since S exp(olC(O)/(& + C(0))) - 
27r2C(0) > 0 from the definition of g2(S) and us(S), it is clear that C’(0) > 0 and 
C(t) reaches the equilibrium value C(co) = z+(S). If C(0) > z+,(S), so that 
6 exp(aC(0)/(2cr + C(0))) - 27X(O) < 0, we obtain a lower solution by 
choosing C = ~~(8). 
For C(0) = u2(S), we can proceed as in the proof of Lemma 1 to show that 
Bt(x, At) > 0 for 0 < x < 1, and dt sufficiently small. Thus, a translation in t 
will result in an initial value problem with 0(x, 0) > u,(S) sin2 TX. The argument 
used in the first part of the proof will apply, completing the proof of Lemma 2. 
Since U,(S) = O(1) and us(S) = O(ea), we conclude that condition (11) 
leads to a sub-critical solution for (5) and (6), while condition (12) leads to a 
super-critical solution. 
In particular, if the initial condition is 0(x, 0) = 0, then for 6 < S, , the 
solution is sub-critical and indeed we have 
qx, t) < 4U,(6) X(1 - X) < 4&X(1 - X), 
where Ks = (a/2) [(a - 2) - (a(~. - 4))1j2] was obtained in 2.2. Clearly, the 
value 6, can be considered as a lower bound for the critical value of 6. In table I, 
we compare Sa(~y) with the critical value obtained by Parks. The critical value 
from Parks’ paper has been multiplied by 4 to account for the different scaling. 
Table II, we list some values of u,(S) and U,(S) for different values of LY. 
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3. THE SYSTEM OF COUPLED EQUATIONS 
3.1. In dealing with the system of coupled equations the following result by 
Sattinger is useful. We shall quote the theorem without changing its notation. 
The proof can be found in [6]. 
THEOREM. Consider the following boundary-inital value problem: 
aT 
AT+f(T,n)--=Oo, 
an 
An + g(T, n) - at = 0. 
T lao = To, 
an 
a = o 
v aD 
where f is an increasing andg is a decreasing function of each of its variables. Suppose 
there are functions n1 , n2 , TI and T, deBned on n x [O, to) which are C2 in x, Cl 
in t, and which satisfy the following conditions: 
6) n1 < n2, Tl < T2 
(ii) Tl < To < T, and $<O <g on aD 
Tdx, 0) -=c 44 -=c TAX, ‘4 and 4x, 0) < B(x) <: n2(34 0) 
(iii) AT2 +f(T2 , n,) - T GO, 
an1 
An1 + g(T2 , n,) - at 2 0, 
aT1 
AT1 +f(T, ,nJ - z 3 0. 
An2 + AT1 , n2) - % Q 0. 
Then 
Tl(x, t) < T(x, t> -=c T&, t), 
n,(x, t) < n(x, t) -=c n2(x, t) 
on D x [0, t,,). (Equality may hold on the boundary.) 
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In [6], Sattinger obtained asymptotic expansions for 0 and x for the sub- 
critical state, based on E < 1. No accurate approximations of 0 and x have been 
obtained in the super-critical case. In the following, we first obtain upper and 
lower solutions for the sub-critical case. The construction is not based on 
asymptotic considerations. In the super-critical case, the construction of an 
analytic lower solution is made difficult by the large variation of the function 
f(e). However, for a limited interval in t, a lower solution can be readily obtained 
numerically. 
For simplicity, we only consider equation (I), (2) together with the conditions 
e(x, 0) = 0, e(0, t) = e(0, t) = 0. (3’) 
x(x, 0) = N, %=O at x=01 
3X 
, * (4’) 
It is readily seen that Neet < x < Ne+. 
3.2. In this section, we suppose HN z 6 < 6,(a), so that the solution is in 
the sub-critical state. 
We now use the solution Ne+ for x to construct an upper solution for 8. 
Let f( co) EE exp(ol), and 8,(x, t, l ) be the solution of 
30, a2oo 
at - p + Se-T(a), 
where 8, satisfies the homogeneous initial and boundary conditions (3’). In a 
straightforward manner, we obtain 
clearly, 8, is an upper solution for 0. Let @ denote the maximum value of 
8,(x, t; 0) and 0, be the solution of 
subject to (3’). 
Sincef(m) >f(@), t i is clear that 8, > 8r . Moreover, we have 
pB _ a4 
0 
a% - - 
at ax2 
f&f@) 
= H{Ne-‘“f(@) - xf(8,)). 
Since x < Nep<t, and that f(0) is an increasing function of 0, it is clear that 
PO1 > 0, implying that 8, is an upper solution of 0. In this way, we generate a 
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monotonic decreasing sequence of functions {8,}, where 0, is the solution of 
the equation 
a& a2B, 
- p + SeYf@L>, at . n>l 
where 8: denotes the maximum value of e,(x, t; 0) and 8, satisfies homogeneous 
initial and boundary conditions. The sequence (0,) is convergent as it is bounded 
from below. In the limit of n---f co, we have 
By setting E = 0, and summing the series in (16) for t + co, we see that the 
quantity 8* is determined from the functional equation 
g* = $f(e*,, 
which is precisely equation (8) obtained in Section 2.2. We have seen that 
in the sub-critical case, the solution of equation (8) is bounded by K3 = 
(a/2) {(a - 2) - [cx(cx - 4)]‘/“}. 
We can now use 0 to construct an improved lower bound for x. Sincef(0) < 
f(o*), it is clear that the solution of 
af a22 -- 
Z - ax2 - ef(e*) 2 
subject to initial and boundary conditions (4’) yields a lower solution for x. 
In a straightforward manner, we obtain 
2 = N exp[+(#*) t]. (17) 
We observed that K3(a) is a decreasing function of ~1, with K420) = 1.11456 
and K,(lOO) = 1.02051. Thus, for a: = 20, we have 
2 = Nexp[-2.87406~t] 
and for OL = 100, we have 
jj = Nexp[-2.74616etl. 
A lower solution for 0 can now be obtained as the solution of 
at7 * 
aa: + S exp[-Q(0*) t] --=2 at . (18) 
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subject to (3’). We have 
4(x, t; 6) 
(19) 
46 exp[-ef(d*) t] za ’ - exP[-(2K - l)’ ~’ + l f(e*)1 tsin(2k _ 1) 7is. 
?7 k;l (2k - 1) [(2k - I)2 T-f2 - $@*)I 
It is clear from equation (16) and (19) that since 8* decreases with 6,e and 0 are 
closer together as 6 decreases. We observe that for E Q 1, the multiple time 
scales in both fl and 6 are apparent. The solution 0 reaches its quasi-steady state 
in t = O(1) and then decays slowly as O(~E~~). 
3.3. The super-critical case is much more difficult to handle. Because of the 
large difference between the a priori upper and lower bounds fort(e), the method 
of linearization used for the sub-critical case is inappropriate. Further, since x 
is a decreasing function of f, an a priori estimate of 6,, has to be obtained. 
Suppose HN := 6 is large enough so that e is super-critical. The upper solu- 
tion (16) is still valid, but now the solution of So* = sf(f?*) is O(e&). Since t < 1, 
it is clear that fi reaches half of its maximum value when t = 0.1. Now for 
8 = O(ee), 2 = ilie& so that at the time when 8 becomes exponentially large, 
we have g(O.1) = 0.9N. Thus, if 6,, is the critical value of 6 for the single 
e-equation, then we can expect that for 0.9HN 3 S,, , the system will be 
super-critical. 
With 0 as given in (16), and 2 given in (I 7) we seek a lower solution which is a 
multiple of 0. Let the infinite series in (16) be denoted by S, so that 
We let 
8 = 4s+j(e*) S(x, t). 
8=/3sB 
where p is a positive constant to be determined. Substitution of 0 and 2 into (1), 
we have 
= pHNf(o*) [2eccfS - 8c1Sxz] - HNe+f@*)tf@S@. 
Clearly, when /3 is sufficiently small, Pro can be made to be negative, implying 
that 0 is a lower solution. We want to find the maximal /3 for which P# < 0, 
albeit for a limited interval in t. Clearly, it is no longer possible to obtain a value 
of /3 analytically, but the numerical computation is readily performed. For 
example, for 01 = 20, HN = 4.2873, with the corresponding 8* = 2.6 x lOs, 
we have Pro < 0 for /3 = 0.4, 0 < x < I, 0 < t < 0.3. If we take ,Q = 0.35, 
then Pro < 0 for 0 < x < 1,O < t < 0.4. In general, the smaller the value of p, 
the larger the t-interval over which 8 is a lower solution. 
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4. CONCLUDING REMARKS 
We have demonstrated a procedure which makes use of comparison theorems 
in the construction of upper and lower solutions for a system of non-linear 
parabolic equations. For the simpler case where only the Q-equation is 
considered, a priori bounds on the critical value of the parameter 6 as well as the 
threshold initial data are established. While the behaviour of the solution for the 
system is not substantially different, less explicit information has been obtained. 
With our knowledge of the upper and lower solutions, we can obtain an 
approximate solution by simply using their arithmetic mean. More elaborate 
schemes such as collacation or modified Oseen linearization can of course be 
used, and the bounds will serve as a guide for such constructions. 
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